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Introduction 
 

This write-up develops the covariant derivative in matrix form which builds from the Christoffel 

Symbols in Matrix Form writeup.  

 

Covariant Derivative in Matrix Form 
 

The matrix equation for a vector is given by equation (1). 

 

𝒗 = 𝑣𝑖𝒆𝒊 = 𝑣1[𝑒11 ⋯ 𝑒1𝑛] + ⋯+ 𝑣𝑛[𝑒𝑛1 ⋯ 𝑒𝑛𝑛] = [
𝑣1𝑒11 +⋯+ 𝑣𝑛𝑒𝑛1

⋮
𝑣1𝑒1𝑛 +⋯+ 𝑣𝑛𝑒𝑛𝑛

]

= [𝑣1 ⋯ 𝑣𝑛]𝐸 = 𝑣𝑖𝐸 

(1) 

where 

 

 𝑣𝑖  is a row vector of components - 𝑣𝑖  

 𝐸 is matrix of matrix of basis vectors where each row is a basis vector 

 

 

Taking the derivative of (1) with respect to coordinate 𝑞𝑝. ⇒  

 

𝜕𝒗

𝜕𝑞𝑝
=

𝜕(𝑣𝑖𝐸)

𝜕𝑞𝑝
=

𝜕𝑣𝑖

𝜕𝑞𝑝
𝐸 + 𝑣𝑖

𝜕𝐸

𝜕𝑞𝑝
 

(3) 

But  

 
𝜕𝐸

𝜕𝑞𝑝
= Γ𝑝𝐸 

(4) 

 

See 1 

 

 
1 Christoffel Symbols in Matrix Form 

http://www.signalscience.net/
http://www.signalscience.net/
http://www.metricmath.com/
mailto:al@metricmath.com
https://www.metricmath.com/_files/ugd/55ccdb_cf84b68a459c490b88cc80ebcf8f2d30.pdf
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Plugging equation (4) into equation (3) ⇒ 

 

𝜕𝒗

𝜕𝑞𝑝
=

𝜕𝑣𝑖

𝜕𝑞𝑝
𝐸 + 𝑣𝑖Γ𝑝𝐸 ⇒ 

 

𝜕𝒗

𝜕𝑞𝑝
= [

𝜕𝑣𝑖

𝜕𝑞𝑝
+ 𝑣𝑖Γ𝑝] 𝐸 

(5) 

 

Factoring out the basis vectors - 𝐸 - as was done in Curvilinear Calculus2 ⇒ 

 

∇𝑝𝒗 =
𝜕𝑣𝑖

𝜕𝑞𝑝
+ 𝑣𝑖Γ𝑝 

(6) 

 

Equation (6) is the covariant derivative in matrix form. 

 

where  

 𝑣𝑖  is a row vector of components 

 

Γ𝑝 = [
𝛤1𝑝

1 ⋯ 𝛤1𝑝
𝑛

⋮ ⋱ ⋮
𝛤𝑛𝑝

1 ⋯ 𝛤𝑛𝑝
𝑛
] = [𝛤𝑖𝑝

𝑘] 

 

 ∇𝑝𝒗 is a row vector 

 

Matrix Parameterized Covariant Derivative 
 

The parameterized covariant derivative is given by equation (7). 

 

The coordinates are parameterized as shown below. 

 

𝑞𝑝(𝜆) ⇒ 

 

𝜕𝒗

𝜕𝜆
=

𝜕𝒗

𝜕𝑞𝑝

𝜕𝑞𝑝

𝜕𝜆
=

𝜕𝑞𝑝

𝜕𝜆
∇𝑝𝒗 =

𝜕𝑞1

𝜕𝜆
∇1𝒗 +

𝜕𝑞2

𝜕𝜆
∇2𝒗 + ⋯+

𝜕𝑞𝑛

𝜕𝜆
∇𝑛𝒗 

(7) 

 

  

 
2 Curvilinear Calculus 

https://www.metricmath.com/_files/ugd/55ccdb_1c91656aea7342128b5db1624fc11ecf.pdf
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where 

∇𝑝𝒗 is given by equation (6) and is a row vector 

𝑞𝑝 is a row vector of coordinates 

 

Equation (8) shows the matrix form of the parameterized covariant derivative shown in equation 

(7). 

 

𝜕𝒗

𝜕𝜆
= ∇𝑖𝒗 [

𝜕𝑞𝑖

𝜕𝜆
]

𝑇

 

(8) 

where  

∇𝑖𝒗 is a row vector of covariant derivatives 

 
𝜕𝑞𝑖

𝜕𝜆
 is a row vector of the derivative of coordinates with respect to the parameter 𝜆 

 

Equation (8) is a dot product. 

  

Matrix Covariant Derivative for the 2-D Sphere 
 

The block matrix for the Christoffel Symbols of the Second Kind for the 2-D sphere is shown in 

equation (9). 

 

Γ = 𝛤𝑖𝑗
𝑘 = [𝛤𝑖𝜃

𝑘 𝛤𝑖𝜑
𝑘 ] = [[

𝛤𝜃𝜃
𝜃 𝛤𝜃𝜃

𝜑

𝛤𝜑𝜃
𝜃 𝛤𝜑𝜃

𝜑 ] [
𝛤𝜃𝜑
𝜃 𝛤𝜃𝜑

𝜑

𝛤𝜑𝜑
𝜃 𝛤𝜑𝜑

𝜑 ]] 

 

= [[
0 0

0
𝑐𝑜𝑠(𝜃)

𝑠𝑖𝑛(𝜃)
] [

0
𝑐𝑜𝑠(𝜃)

𝑠𝑖𝑛(𝜃)
−𝑐𝑜𝑠(𝜃)𝑠𝑖𝑛(𝜃) 0

]] 

(9) 

 

Equations (10) and (11) show the covariance derivatives for a vector on the surface of a 2-D 

sphere. 

 

∇𝜃𝒗 =
𝜕𝑣𝑘

𝜕𝜃
+ Γ𝜃𝑣

𝑘 =
𝜕𝑣𝑘

𝜕𝜃
+ 𝑣𝑘 [

0 0

0
𝑐𝑜𝑠(𝜃)

𝑠𝑖𝑛(𝜃)
] 

(10) 

∇𝜑𝒗 =
𝜕𝑣𝑘

𝜕𝜑
+ Γ𝜑𝑣

𝑘 =
𝜕𝑣𝑘

𝜕𝜑
+ 𝑣𝑘 [

0
𝑐𝑜𝑠(𝜃)

𝑠𝑖𝑛(𝜃)

−𝑐𝑜𝑠(𝜃)𝑠𝑖𝑛(𝜃) 0

] 

(11) 
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Check Parameterized Matrix Covariant Derivative for the 2-D Sphere 
 

We can check the parameterized matrix covariant derivatives by using the resulting vectors from 

the Parallel Transport write up3 and showing that the covariant derivative of these vectors is zero. 

Note that the parallel transport write-up has not been updated to the default vector being a row 

vector. The results are still valid. 

 

Constant Longitude Case 

Equation (12) shows the equation for a parallel transported vector along a constant longitude on 

the 2-D sphere. 

 

𝒗(𝜃) = [𝑣0
𝜃

𝑣0
𝜑
sin⁡(𝜃0)

sin⁡(𝜃)
] 

(12) 

where 

𝜑 = 𝜑0 ≡constant 

𝜃 changes along a constant longitude path ⇒ 𝜆 = 𝜃 

 
𝜕[𝑞𝑝]

𝜕𝜆
=

𝜕

𝜕𝜃
[
𝜃
𝜑
] = [

1
0
] ⇒ 

 
𝜕𝒗

𝜕𝜆
= [∇𝜃𝒗 ∇𝜑𝒗] [

1
0
] = ∇𝜃𝒗 

(13) 

 

𝜕𝒗

𝜕𝜆
= ∇𝜃𝒗 =

𝜕[𝑣𝑘]

𝜕𝜃
+ 𝑣𝑘 [

0 0

0
𝑐𝑜𝑠(𝜃)

𝑠𝑖𝑛(𝜃)
] 

(14) 

 

Plugging equation (12) into equation (14) ⇒ 

 

[0 −
𝑣0
𝜑
sin⁡(𝜃0)𝑐𝑜𝑠(𝜃)

sin2⁡(𝜃)
] + [0 𝑐𝑜𝑡(𝜃)

𝑣0
𝜑
sin⁡(𝜃0)

sin⁡(𝜃)
] = [0 −

𝑣0
𝜑
sin⁡(𝜃0)𝑐𝑜𝑠(𝜃)

sin2⁡(𝜃)
] + 

 

[0
𝑣0
𝜑
sin⁡(𝜃0)𝑐𝑜𝑠(𝜃)

sin⁡2(𝜃)
] = [0 0] 

(15) 

These results are what were expected. 

 

 

 
3 Parallel Transport 

https://www.metricmath.com/_files/ugd/55ccdb_fbd305e612ae4a67b9e392f30f9c6a9d.pdf
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Constant Latitude Case 

 

Equation (16) shows the equations for a parallel transported vector along a constant latitude. 

 

𝜃0 ≡ constant 

𝜑 changes along a constant latitude path ⇒ 𝜆 = 𝜑 

 

𝑣𝜃(𝜃0, 𝜑) = 𝑣𝜃(𝜃0, 0)cos(𝑘𝜑) + sin(𝜃0)𝑣
𝜑(𝜃0, 0)sin(𝑘𝜑) 

 

𝑣𝜑(𝜃0, 𝜑) = 𝑣𝜑(𝜃0, 0)cos(𝑘𝜑) −
𝑣𝜃(𝜃0, 0)

sin⁡(𝜃0)
𝑠in(𝑘𝜑) 

(16) 

where 𝑘 = cos(𝜃0) 
 

[𝑣𝑘] = [𝑣𝜃(𝜃0, 𝜑) 𝑣𝜑(𝜃0, 𝜑)] 
 

 
𝜕[𝑞𝑝]

𝜕𝜆
=

𝜕

𝜕𝜑
[
𝜃
𝜑
] = [

0
1
] ⇒ 

 
𝜕𝒗

𝜕𝜆
= [∇𝜃𝒗 ∇𝜑𝒗] [

0
1
] = ∇𝜑𝒗 ⇒ 

 

∇𝜑𝒗 =
𝜕𝑣𝑘

𝜕𝜑
+ 𝑣𝑘[Γ𝜑] =

𝜕𝑣𝑘

𝜕𝜑
+ 𝑣𝑘 [

0
𝑐𝑜𝑠(𝜃0)

𝑠𝑖𝑛(𝜃0)

−𝑐𝑜𝑠(𝜃0)𝑠𝑖𝑛(𝜃0) 0

] 

 

=
𝜕𝑣𝑘

𝜕𝜑
+ [−𝑐𝑜𝑠(𝜃0)𝑠𝑖𝑛(𝜃0)𝑣

𝜑
𝑐𝑜𝑠(𝜃0)

𝑠𝑖𝑛(𝜃0)
𝑣𝜃] 

 

(17) 

 

The components of equation (17) get long in this case, so we break the calculations up into their 

𝜃 and 𝜑 components. 
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Theta Component 

 

𝜕𝑣𝜃(𝜃0, 𝜑)

𝜕𝜑
= −𝑣𝜃(𝜃0, 0)sin(𝑘𝜑)𝑐𝑜𝑠(𝜃0) + sin(𝜃0)𝑣

𝜑(𝜃0, 0)cos(𝑘𝜑)𝑐𝑜𝑠(𝜃0) 

(18) 

 

 

{𝑣𝑘Γ𝜑}𝜃
= −𝑐𝑜𝑠(𝜃0)𝑠𝑖𝑛(𝜃0)𝑣

𝜑 = −𝑐𝑜𝑠(𝜃0)𝑠𝑖𝑛(𝜃0) (𝑣
𝜑(𝜃0, 0)cos(𝑘𝜑) −

𝑣𝜃(𝜃0, 0)

sin⁡(𝜃0)
𝑠in(𝑘𝜑))

= −𝑐𝑜𝑠(𝜃0)𝑠𝑖𝑛(𝜃0)𝑣
𝜑(𝜃0, 0)cos(𝑘𝜑)+ 𝑐𝑜𝑠(𝜃0)𝑠𝑖𝑛(𝜃0)

𝑣𝜃(𝜃0, 0)

sin(𝜃0)
𝑠in(𝑘𝜑) 

(19) 

Adding equations (18) and (19) ⇒ 

 

𝜕𝑣𝜃(𝜃0, 𝜑)

𝜕𝜑
+ {𝑣𝑘Γ𝜑}𝜃

= −𝑣𝜃(𝜃0, 0)sin(𝑘𝜑)𝑐𝑜𝑠(𝜃0) + sin(𝜃0)𝑣
𝜑(𝜃0, 0)cos(𝑘𝜑)𝑐𝑜𝑠(𝜃0) 

 

−𝑐𝑜𝑠(𝜃0)𝑠𝑖𝑛(𝜃0)𝑣
𝜑(𝜃0, 0)cos(𝑘𝜑) + 𝑐𝑜𝑠(𝜃0)𝑣

𝜃(𝜃0, 0)𝑠in(𝑘𝜑) = 0 

(20) 

which is what is expected. 

 

Phi Component 

 

𝜕𝑣𝜑(𝜃0, 𝜑)

𝜕𝜑
= −𝑣𝜑(𝜃0, 0)sin(𝑘𝜑)𝑐𝑜𝑠(𝜃0) −

𝑣𝜃(𝜃0, 0)

sin⁡(𝜃0)
𝑐𝑜𝑠(𝑘𝜑)𝑐𝑜𝑠(𝜃0) 

(21) 

 

{[𝑣𝑘][Γ𝜑]}𝜑
=

𝑐𝑜𝑠(𝜃0)

𝑠𝑖𝑛(𝜃0)
𝑣𝜃 =

𝑐𝑜𝑠(𝜃0)

𝑠𝑖𝑛(𝜃0)
[𝑣𝜃(𝜃0, 0)cos(𝑘𝜑) + sin(𝜃0)𝑣

𝜑(𝜃0, 0)sin(𝑘𝜑)] 

 

=
𝑐𝑜𝑠(𝜃0)

𝑠𝑖𝑛(𝜃0)
𝑣𝜃(𝜃0, 0)cos(𝑘𝜑) + 𝑣𝜑(𝜃0, 0)sin(𝑘𝜑)𝑐𝑜𝑠(𝜃0) 

(22) 

 

Adding equations (21) and (22) ⇒ 

 
𝜕𝑣𝜑(𝜃0, 𝜑)

𝜕𝜑
+ {𝑣𝑘Γ𝜑}𝜑

= −𝑣𝜑(𝜃0, 0)sin(𝑘𝜑)𝑐𝑜𝑠(𝜃0) −
𝑣𝜃(𝜃0, 0)

sin(𝜃0)
𝑐𝑜𝑠(𝑘𝜑)𝑐𝑜𝑠(𝜃0)

+
𝑐𝑜𝑠(𝜃0)

𝑠𝑖𝑛(𝜃0)
𝑣𝜃(𝜃0, 0)cos(𝑘𝜑) + 𝑣𝜑(𝜃0, 0)sin(𝑘𝜑)𝑐𝑜𝑠(𝜃0) = 0 
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(23) 

 

which is what is expected 

 

Putting the 𝜃 and 𝜑 elements together ⇒ 

 

∇𝜑𝒗 = [0 0] 

(24) 


