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Introduction
A general tensor is defined as shown in equation (1).

T = T)Zf...“wy X w® Re,® €p
_ _ 1)
A few points about equation (1).
1.) A tensor is invariant with a change in coordinates and is denoted as T

2.) ® is atensor product operator

3.) Thebasissetis 0’ @ W’ @ e, Q eg -

4.) The rank of the tensor is the number of indices — i.e. the number of basis vectors and
reciprocal basis vectors.

5.) Ty"‘ffj' are the coefficients of the basis set.

6.) Einstein summation convention applies with an implied sum over the same indices with
one as a subscript and the other as a superscript.

The tensor product of Object-, ® Object-, is computed by multiplying each element of
Object-, by Object.,,.

The tensor product of two vectors is defined as follows:

e; =[e11 " ein]
e, =[e11 " e1n]
€11€21 *° €11€29
e1 @ ey =ejjep; = {11621 7 er1ey,  e1p€a1 eqpean} = :
€1n€21 *° €1n€on
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Equation (2) is a set of pairs generated from the tensor product. A second order tensor can be
computed as a sum of coefficients multiplied by tensor products of the basis vectors — basis set.
An example of the expansion of a second order tensor is shown in equation (3) =

T= Tije,- X e]- = T11e1 (024 e+ T12e1 ® ey +T21ez ® eq +T2282 ® (0]

3
where
i=12andj =12
Equation (4) shows the tensor product for three basis vectors.
€11€21 ** €11€2n €11€21 elleZn
e1 ®e; Qes =ejeyjes = H : : 1331 [ : ] ]
€1n€21 *** €1n€an €1n€21 **° €1n€on
4)

Equation (4) can be viewed as a block vector — a vector of matrices - and is convenient for doing
computations. A third order tensor with contravariant components is shown in equation (5).

T=T"e;, Qe @ ey

o . . o - )
Using Einstein’s summation convention, equation (5) is the sum of the tensor coefficients
multiplied by each element of the basis set — tensor products of three basis vectors.

Tensor Transformations

A general tensor can be transformed by transforming the basis vectors that make up the basis set
and its components to keep the tensor invariant. A tensor is invariant under a coordinate
transform because it is designed to be the same mathematical object independent of coordinates.

Equation (6) expresses the invariance of a tensor under a coordinate transformation.

T=T-= T“ﬁ W Q' Qe, Deg - %ﬁ ”®w8®ea®eﬁ

(6)

There are two types of components in a general tensor basis — basis vectors - e, — and reciprocal
basis vectors - e?.

Equation (7) shows how each of these basis vectors transform — see!

1 Coordinates Summary pp. 9-11
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Equation (8) shows a tensor in the primed coordinate system written in terms of unprimed basis
vectors and transformation matrices.

;‘_ W QW ®e; Qep=T: EE (B"0") ® (B"w’) ® (dey) ® (Aeg) @ -

—TaB"'[BT Y])_/[BT 5]3[A ][A ] ---—Tﬁﬁ'" y 66610! aq”f
= Tys. (B @' VIB 0% ldealaldep]y = To5. 5 @ 545 @ 9q7 ®a 547

(8)
Because the terms in equation (8) are independent of each other and are connected through
Einstein’s summation convention, the terms in equation (8) can be regrouped without affecting
the equation. Equation (9) shows equation (6) where the basis vectors are written in terms of the
unprimed basis vectors.

af- aq” 9q° aq* aqP

TB 7 ) - v wb
)_/5 R w’°R@ez Q eg T?«S--- 397 34° 97 aqﬁ w'w’ege,
= T)f‘(ff."wyw‘seﬁea
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Equation (9) now has the same basis set on each side, so we can equate the coefficients and
transformations with each other. =
7B _ .dq¥ 9q°® 9q“ 6q5
v8+ T Y8 9qY 0g° g% 9qF
(10)
Now inverting the transformation matrices =
. E— dq? 0q° 9q® agP
(11)

Note that in equation (11), the order that the transformations appear doesn’t make a difference
because they are independent of each other and connected through Einstein’s summation
convention. Also, note that the transformation matrices are not matrix multiplied together
because the indices are all different.

Equation (12) shows the invariance of a second order tensor with covariant components. When
the basis transforms, the coefficients transform in a way that keeps the tensor invariant.



T=TVe;Qej=T"e;Qe;
(12)
Matrix Representation of Second Order Tensors

Equation (13) shows a 2" order contravariant tensor and how it converts into a matrix equation —
matrix form. Let i and j be free indices =

th b th o
THe, @ e; = Z Tkl ( k™" basis vector )(l basis vector) = THele, = TMELE,
= as column vector/ \ as row vector

(13)
Now rearrange the components of equation (13) to get the correct order to define matrix
multiplies =
T =TKeje = EL, TME,; = ETTE

(14)
Second Order Tensor Configurations
Generalizing equation (14) =
T=T3GNfO Qh() =F'TG)HH

(15)

where
T (i, ) gives a general tensor where the various indices can be lower or upper indices.
f (@) and h(j) are basis vectors and can be basis or reciprocal basis vectors.

Using Einstein’s summation convention,

uppindexof T }

ep . . {
{wl’} basis vectors sum with down p index of T

e, is the p** row of E
w' is the pt" row of W

- {5)

0= {5)



Table 1 shows the combinations of T (i, j) in terms of their {d:;vr:m} components.

TG | j u d
[
u T(uu) =TY T(u,d) =T}
Table 1

Table 2 shows the possible configurations of equation (15).

T(i,j) H E w
F
E T(uu) =TY T(u,d) =T}
Table 2

The algorithm to compute FTT (i, j)H is given by equation (16).

T = F} Ty H;; = FiiTigH,;

Transformation of Second Order Tensors
Tensors are invariant and independent of a given coordinate system =
T=FT"T(i,j))H =F'T(@,))H

To transform the coordinate system=

F =M,F
where

v = ()
H = M,H
where

M = ()

Using equations (18) and (19) in equation (17) =

(16)

(17)

(18)

(19)



T =FTT(i,))H = FT'T@ )H = (M,F)"T({,))M,H

= F"M{T(, )M, H

(20)
Equation (20) =

(21)
Solving for T(7,7) =
T@)) = M{I7'TE DM = (M ]7DTT (G HIMR]

(22)

Table 3 shows the possible configurations of equation (22).

T(,j) [M,]7 AT =B [BT]™ = AT
[M,]™
[A]* =B T(u,u) =TY T(u,d) =T}
[B~1]" = AT T(d,u) = Tl.j T(d,d) =Tj;
Table 3

Equation (23) shows an algorithm similar to equation (16) for the transformation of second order
tensor components.

[(IM I DTTENDIM] T = UMD 5 T ((M2]7Y)y; = M;ilTkle;'l
(23)
We now go over the various possibilities in Table 3.

Contravariant Components TV
T =T,u)=TY

From Table 3 =

Equation (23) =

T =B"TB
(24)

The metric with the same configuration as T (u,u) = g¥ = G~* in equation (24) =

6



G '=BTG B

(25)

Equation (25) is the same equation that we have obtained previously as shown in Figure 1 below

— see red arrow from node 4 to node 3. Figure 1 shows the relationships between coordinate

transformations, basis vectors, reciprocal basis vectors - one forms -, and the metric.

AT

G 1=BTG¢1B

G = AGAT

wrT, vt

Covariant Components T;;
T=T(d,d)

From Table 3 =

Equation (23) =

T = ATAT

Evai 1
G 1=wwT
G = EE])
A
wrT, vt

Figure 1

\ 4

(26)



The metric correspondingto T(d,d) = g;; = G =
G = AGAT
(27)

Equation (27) is the same equation previously obtained — see Figure 1 green arrow - node 3 to
node 4.

Mixed Components T]-i
T=T(ud)
From Table 3 =

[M;]"' =B
-1 AT

Equation (23) =

T =BTTAT
(28)
Mixed Components Tij

T=T(d,u)

From Table 3 =

Equation (23) =
T = ATB

(29)
Index Raising and Lowering

This section will map out how to transform TV into the other three configurations and visa-versa.
First map out how to lower the first index of T =

From Table 2, the bases for T = ETTUE
From Table 2, the bases for 7/ = WTT/E =

Invariance of the tensor =

E'TVE = W'T/E =



ETTY =WTT/ =
ButEw" =1 =
EETTY =T/ = GTY

where
G = EET = the metric

Equation (30) lowers the first index of T%
Equation (30) can be inverted =
TV = 71T/
where

G~ =wwT = the inverse metric
Equation (31) raises the first index of Tif
To lower the second index of TV =
From Table 2, the bases for T} = ETT/wW =
ETTUE =E"T{W =
TVE = T{W
Butwel =1 =
TYEET =T} =

7}l — leG

Equation (32) lowers the second index of T
Equation (32) can be inverted =
Tij — T}-iG_l

Equation (33) raises the second index of Tji

(30)

(31)

(32)

(33)



To lower both indices of TV =
From Table 2, the bases for T;; = W'T;;w
ETTYE = WTT;W =
EE'TYE =Ty;W =
EETTYEET =T;; = GTYG
B (34)
Equation (34) lowers both indices of TY
Equations (34) can be inverted =
TV = G 'T;G™*

(35)
Equation (35) raises both indices of T;;

Summary Raising and Lowering Operations

Table 4 gives a summary of raising and lowering operations for second order tensors.

T/ = GTY TV = 6T/
Tji =TUgG Ti = TjiG—l
T;; = GTYG TV = G T;G™?

Table 4
Contravariant Components Example

The basis set for polar coordinates are shown in equation (36).

cos(6) sin(0)

E(r,0) = —rsin(@) rcos(6)

(36)
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3
£ _ [ 0.500000 0.866025]

1
E(23)=| 2 =
'3 ~1.732051 1.000000
—/3
e1 = [0.500000 0.866025]

e; =[-1.732051 1.000000]
i1 2
= [3 4]
(37)

Compute T using the tensor product.

T=TVe;, Qe =T e]e;
= (Dele; + (2)ele, + (3)ele, + (4)ele,

0.500000

_ 0.500000
=) [ 0.866025

0 866025] [0.500000 0.866025] + (2) [

[-1.732051 1.000000]

1.732051

+3) [_1.732051] [0.500000 0.866025] + (4) [_1 000000

1000000 | [~1.732051  1.000000]

- [0.250000 0.433013]+(2) ~0.866025 o.5ooooo]+(3) —0.866025 —1.500000
0.433013  0.750000 ~1.500000 0.866025 0.500000  0.866025

+(4)[3.000000 —1.732051]_ 7.919873 —9.995191
—1.732051 1.000000 —7.995191 9.080127

(38)
Now perform the same calculation using equation (16) =
T=ETTE:[O'500000 —1.732051] 1 2] 0.500000 0.866025
0.866025 1.000000 113 411-1.732051 1.000000
_ [ 7.919873 —9.995191]
—7.995191 9.080127
(39)

Equation (39) is the same as equation (38) as expected.

Transformation of Contravariant Components

Equation (34) shows the coordinate transform equations for a different coordinate system.

Il
&%

T
0

11



=i
Il
<

0 = 62
(40)
Using the same r and 6 from the previous calculation =
T=4
_ m?
0 =—
9
(41)
Equation (42) shows the A matrix to transform from polar coordinates this coordinate system.
1
— O
A= 2V _ [0.250000 0.000000]
1 0.000000 0.477465
0 —=
28
(42)
Equation (43) shows the basis transformation equation.
E=AE = [0.250000 0.000000] 0.500000 0.866025] _ 0.125000 0.216506
0.000000 0.47746511—-1.732051 1.000000 —0.826993 0.477465
(43)
e; = [0.125000 0.216506]
e, = [-0.826993 0.477465]
From Table 3, T(w,u) - T =B'TB =
B = 2VF 0 _ [4.000000 0.000000]
0o 2] 10.000000 2.094395
(44)
T BTTR — [4.000000 0.000000] 1 2] 4.000000 0.0000007 _ [16.000000 16.755161
0.000000 2.094395113 4110.000000 2.094395 25.132741 17.545963 5)
45

T = T”_ei ® e]— = Tif_ege_
= (16)ees + (16.755161)ete; + (25.132741) ezeg + (17.545963)ezez

0.125000
0.216506

0.125000

0216506] [0.125000 0.216506] + (16.755161)[ [—0.826993 0.477465]

=(16) |

12



—0.826993]

0477465 | [0-125000  0.216506]

+(25.132741) [

—0.826993]

0477465 | [—0.826993 0.477465] =

+(17.545963) [

0.103374 0.059683
0.179049 0.103374

(16) [0.015625 0.027063

0027063 0.046875) + (16755161

—0.103374 —0.179049
0.059683 0.103374

0.683918 —0.394860

+(25.132741) [ —0.394860 0.227973

] + (17.545963)

_ [ 7.919873 —9.995191]

~7.995191  9.080127
(46)

Equation (46) is the same as equation (39) as expected. Computing using the matrix approach =

T = ETTF = [0.125000 —0.826993] [16.000000 16.755161] [ 0.125000 0.216506
2

0.216506 0.477465 5.132741 17.54596311-0.826993 0.477465
[7.919873 —9.995191]

~7.995191  9.080127
(47)

Equation (47) is the same as equation (46) as expected. For all configurations test drivers in both
unprimed and primed system see 2

Third Order Tensors
Second order tensors were covered in the last section. Going back to the definition of the tensor
product; Object-, ® Object, is computed by multiplying each element of

Object., by Object-,. In the second order case it is.

e; Qe =[e;]"e; = EyEjy,

(48)
where
[,m = 1,n = basis vector length
A third order basis is a tensor product of three basis vectors as shown in equation (49).
e, Qe ey =EyEmEy
(49)

Equation (50) is the general equation for a third order tensor.

2 Tensor Transform Code

13
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T = T(l,], k)l(l) ® f(]) ® h(k) = T(l,], k)LilF}'onp = T(l,_], k)L(l: l)F(]' O)H(k: p)

(50)
where
T (i, j, k) are the tensor coordinates
L(Q), f(j), h(k) are basis or reciprocal basis vectors
Ly =L@, 1D = it rowof L = I(i)
Fi, = F(j,0) = j"™ rowof F = f(})
Hy, = H(k,p) = k" row of H = h(k)
Loop=1,-,n
L=E,iinuppositioninT,elseL =W
F =E, jinuppositioninT,else F =W
H =E, kinuppositioninT,else H=W
Equation (50) =
T=T(3j kI Q f() ® h(k) = [T(,j, kL3 DIF(,0)H(k,p)
=[T(i,j, k) - L(, DIF(,0)H(k, p)
(51)
T(i,j, k) - L(i, 1) is a block vector inner product — it behaves like a normal inner product but T (i, j, k)
is a block vector, so each element T (i, j, k) is a matrix for a fixed i =
L11 " Lll
T(i,j, k)-L= [T(1,j, k) - T(n,j, ]| >
Lpp = Ly
For columnp =
Tp(j' k) = T(L]' k)Llp + ot T(Tl,j, k)an = [T(l']' k) T(n'j' k)] ' COI(L' p)
(52)
Using equation (52), equation (51) =
T=T3GjKIOQf(G) Qhk) =[T1(,k) - T,(,k)]FjoHyp
=[FT'T,(j,k)H - F'T,(j,k)H]l =[FTT\H -+ FTT,H]=>
[FI1® [T, k) - TG RIQ[H]=[F'IQI[TG,j, k) L] [H]
(52)

14



Note: [FT] and [H] are 1 x 1 matrices containing the FT and H matrices, so the tensor product
distributes the FT and H matrices over the T, (j, k) matrices. The " - " specifies a block matrix inner
product and the FTT,,H components are regular matrix products.
M@ [Ny Np]#[M]Q [Ny N,]

Mll[Nl NZ] Mln[Nl NZ]

Mnl[Nl NZ] Mnn[Nl NZ]
[M]® [Ny N,] =[MN; MN,] = each element of [M], i.e. M, is multiplied by each element
of [Ny N;]
Transformation of Third Order Tensors

Equate the equation (52) between the unprimed and primed coordinate systems =

T=[FTIQI[T(Qjk)-LIQ[H]=[FT1Q[T(5jk) L] ® [H]

(53)
Now
F=MF
(54)
H = MzH
(55)
L = ML
(56)
where
_ A for basis E
My, Mz, Ms = {BT for reciprocal basis W
Equations (53) — (56) =
[FTT®[T(G,j, k) - L] ® [H] = [MFI" @ [T(T.j k) - L] ® [M,H] =
[FTT®[TGj, k) - L1 ® [H] = [FT]- [M{1® [T (2.7, k) - L] ® [M,] - [H] =
(TG, j, k) L] = [M{1® [T(z]k) - L] ® [M,]
(57)

15



Solving for [T(3,J, k) - L] in equation (57) =

N [TErk) L] =[T(Trk) L] = M1 ® [T(,j, k) - L] ® [M,]™*
(58)
Note:

[I1 ® [M] = multiply each element of [I] with each element of [M] =
11 ® [M] =[I-M] =[M]

Solving for T(z,, k) in equation (58) =

T(5j.k) = [T(55k) L] [L7"]

(59)
T(%,J, k) is computed using equations (58) and (59).

Third Order Tensor Example

Convert cartesian coordinates to polar coordinates, then start with polar coordinates.

[ cos(6) sin(8)
" l=rsin(@) rcos(6)

cos(§) — sin(8)

B = r
sin(8) cos(9)

r

(60)

E=Al
(61)

cos(@) sin(0)
W =BTl =| sin(@) cos(6)
r T
(62)
Let

1 —| _ [ 0.500000 0.866025]
2 —1.732051 1.000000

16



(63)
e, = [0.500000 0.866025]

=[-1.732051 1.000000]

(64)
1
) 7 0.500000 0.866025]
\3 1 —0.433013 0.250000
=% 3!
= [0.500000 0.866025]
w? =[-0.433013 0.250000]
(65)
Specify a third order tensor in polar coordinates.
T _ [[Tlll T112] [T121 T122]] _ [[1 2] 5 6]]
T3 T3 AT T 3 41 17 8
(66)
Form basis terms using tensor products and add
For a detailed calculation see - Appendix A
T=T"e,@w Qe,=Tie; Q' Qe +Tie; Q' Q ez +Ti'e; @ w* Q@ ey
1T %e; Q w?> Q e, +THle, Qw! Qe +Tie, Qwl e, + THe, @ w?> R eg
22 2 _ [1—0.498153  0.888462 1.290386  —2.157291
2@ Qe = [[14.360894 —19.518507] —12.822355 16.039741” -
67
Now we show how to compute a third order basis term.
T T T
e1Qw' e =€ R[w' Q] =e; @ [[0!] ez] = [Er[[w'] ez| Eiz[[w] er]
. 0.500000 0.500000
= [0.500000 0.866025 [-1.732051 1.000000] 0.866025 0.866025 [-1.732051 1.000000]]
—0.866025 0.500000 —0.866025 0.500000
= (0.500000 0.866025
[ —1.500000 0.866025] [—1.500000 0.866025”
_ [[—0.433013 0.250000] —0.750000 0.433013”
—0.750000 0.433013! 1—1.299038 0.750000 (68)
68

Notice that equation the e; ® w! ® e, term in (68) differs from the same term in the appendix
equation (A.1)

17



[[—0.433013 —0.750000] 0.250000 0.433013”
—0.750000 —1.299038 0.433013 0.750000
(A1)

The terms between equation (68) and (A.1) are the same but in different positions. Because the
entire expression is a third order basis, the two are equivalent just with the terms in different
places. To show why this is consider equation (68).

1 — [, _r.a17, _ [Wn] _ [W11E21 W11E22]
w e =|w el =|w'| ex = E E,,] =

® 2 [ ® 2] [ ] 2 W12 [ 21 22] W12E21 W12E22

E11Wi1Eyy  EqiWi4E

E w1 e — 11VV11+21 11¥V11 22]

nlo'®el={p wir, £LwE,

Wi1Ezw WHE E1;Wi1Eyy  EjuWiHE

E w1 e =E 11521 11 22] =[ 12VVi11+21 12VV11 22] =
12[ ® 2] 12 W12E21 W12E22 E12W12E21 E12W12E22

E1 W E EWE][EWE EWE”

1 11YV11+21 11VV11+&22 12VVi11+&21 12VV11+22

e w e =
oot @el= ([l ] [ s

Notice if we change the way the equation (69) is bracketed = .
le1®@w'|®e; =
e, Qw' =[e]Tw! = gi:] (Wi Wip] = [gi;%ﬁ gi;%ﬁ]
e @at]Ear = [t Ew B = [
e @t = 2t P e = [ ]
s @at|@ea = [0 2] [t s
(70)

Comparing equations (69) and (70), we get the same elements but, they are in different positions
as shown below.

| E11W11E21 E11W11E22-
| E11W12E21 E11W12E22.

[|E1 1 W11 E, Ei Wi, E Wi E é WisE»|]
e w! e, — ' 11Wa1ka1  Ei11Wa2 21|l_/ 11W11L22 A11W12L22
[ 1® ]® 2 T [EWiiEy EaWikEs E1pWiiEy  E1pWiaEpoll

| Ei, Wi E E1,Wi1Ex
e1®[w1®e2]= [12 11£21| [E12Wi1L22

E12W12E21 E12W12E22..

18



The basis is the entire block vector, so either basis will do — just be aware of the difference in
position of the elements and keep the position of the elements consistent. For the specific case
from equations (68) and (A.1) =

[—0.433013 0.250000] —0.750000 0.433013” e ®[w1®e]
—0.750000 || 0.433013 —1.299038| 10.750000 1 z

[[ 0.433013 —0.7500M0000 0.4330131] e, ®w1] R e,

=0.750000 —1.2990381 |l0.433013 0.750000/]

—

Tensor Computation using F'T, H

From equation (52),

T=The;®w Qe,=F Q[TGjk) LIQH
But

e = L=E

w =>F=W

e, >H=E

So,

T=Tie;@w Qe,=W'®[T(jk) E]QE

= [WTT(,j, k) - col(E,1)E  WTT(i,j, k) - col(E,2)E] = [WTTLE WTT,E]

(71)
Ty =[T-E]l; =T-col(E,1) = TY¥Ey = TYUXEy, + TPKEy,
_ 1 2 5 6]_ 1 21, 5 6
= Eu 5 4]+E21 . 8] = (0.500000) [3 4]+( 1.732051) [7 o
_ [—8.160254 —9.392305]
—10.624356 —11.856406
(72)
T, =[T-El, =T - col(E,2) = TIU¥E;, = TYKE,, + TY¥E,,
_ 1 2 5 6]_ 1 2 5 6] _ [5.866025 7.732051
=Eiz|; 4]+E22 7 8]_0'866025[3 4]+(1'000000) [7 8 _[9.598076 11.464102
(73)

Thei @ w ® e, =[WITLE WTT,E] =

19



(74)
0.500000 —0.433013] —8.160254  —9.392305 ][ 0.500000 0.866025

WTT,E =
1 [0.866025 0.250000 11-10.624356 —11.85640611-1.732051 1.000000

_ [—0.498153 0.888462 ]
14.360894 —19.518507

(75)
W E=[0.500000 —0.433013”5.866025 7.732051 11 0.500000  0.866025
2% = 10866025 0.250000 119598076 11.46410211-1.732051 1.000000
- 1.290386 —2.157291]
—12.822355 16.039741
(76)
Putting equations (75) and (76) into equation (74) =
- - —0.498153  0.888462 1290386  —2.157291
T.l . =
jei @ ' Q e [[14.360894 —19.518507] —12.822355 16.039741” -
77

Equation (77) is the same as equation (67) as expected.
Transformation Example

We will use the tensor components from the previous example, but in a different configuration —
different up/down pattern of the indices as shown in equation (78).

. Ti1 2] [r21 22 1 21 [5 6
_ P _ 1 1 1 1 —
R Al B E N

(78)
From the earlier 2" order tensor transform example.
=4
5T
9
1 3
g—| 5 —=|[ 0500000 0.866025]
2 2171-1.732051 1.000000
—V3
1 3
wl| 2 2|_y0500000 0.866025]
V31 —0.433013 0.250000
4 4
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— 0

G _ [0.250000 o.oooooo]

0 ~1 17 10.000000 0.477465
216

g |27 0| _ 4000000 o.oooooo]

| 0 23]  l0.000000 2.094395

Because the coordinate components are of the form ]-ik =T(u,d,u); Table3 =

[M;]7' = AT =
(M7 =4
[M;]"' =B
L=E
(79)
Putting equations (79) into equations (58) and (59)=
[T(zj, k) E]=AQ [T(i,j,k)-E]®B
(80)
T(v,k) = [T(5jk)-L]- [ = [T(v ), k) - E]-WT
(81)
From the previous example,
.. _ _[[ —8.160254  —9.392305 5.866025 7.732051
(TG )l E] =11 Tl = [[—10.624356 —11.856406] [9.598076 11.464102”
(82)
[T(vj,k)-E]=[T, T,]=I[ATyB AT,B]
(83)
T — AT.B = 0.250000 0.000000] —8.160254  —9.392305 [4.000000 0.000000
! ! 0.000000 0.47746511-10.624356 —11.856406110.000000 2.094395
_ [ —-8.160254 —4.917799 ]
—20.291025 —11.856406
(84)

T, = AT,B = 0.250000 0.000000”5.866025 7.732051 174.000000 0.000000

~ 10.000000 0.477465119.598076 11.464102/10.000000 2.094395

_ [ 5.866025  4.048492 ]
18.330975 11.464102
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(85)

i 7_,]=[[—8.160254 —4.917799] 5.866025  4.048492 ”
ron2 —20.291025 —11.856406] 118.330975 11.464102

(86)
E:[O.ZSOOOO 0.000000] 0.500000 0.866025]: 0.125000 0.216506
0.000000 0.477465/1-1.732051 1.000000 —0.826993 0.477465 87)
7
W = BTW = 4.000000 0.000000] 0.500000 0.866025
0.000000 2.094395/1-0.433013 0.250000
=[2.000000 3.464102]
—0.906900 0.523599
(88)
T = T]-fke,—® o Qep=[WTTHE WTT,E]
(89)
WTTE:[Z.OOOOOO 3.464102] —8.160254  —4.917799 11 0.125000 0.216506
. —0.906900 0.52359911-20.291025 —-11.856406!1—-0.826993 0.477465
_ [—0.498153 0.888462 ]
14.360894 —19.518507
(90)
WTTE:[Z.OOOOOO 3.464102”5.866025 4.048492 11 0.125000 0.216506
2 —0.906900 0.5235991118.330975 11.46410211-0.826993 0.477465
:[ 1.290386 —2.157291]
—12.822355 16.039741
(91)
_mTs & T 51— [[—0.498153 0.888462 1.290386 —2.157291
T=W'nE w TZE]_[[ 4360894 —19.518507 —12.822355 16.039741”
(92)
Equation (92) is the same as equation (77) as expected.
Now, use equation (59) to solve for T(z,j, k) =
% _ [k Bl 0T 7 1. o7 _ [ 2000000  3.4641027 _
= E]WT =T T W= —0.906900 0.523599]
1% _ [—0.498153 0.888462 [ 1.290386 —2.157291
L= 14.360894 —19.518507](2'000000) —12.822355 16.039741](0'906900)
=[4.000000 4.188790]
22918312 16.000000
(93)
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1.290386  —2.157291

T2k — —0.498153  0.888462
—12.822355 16.039741

= 3.464102
J 14.360894 —19.518507] ( )+

] (0.523599)

_ [ 5.866025  4.048492 ]
18.330975 11.464102

Putting equations (93) and (94) together =

T—fk=[[ 4.000000 4.188790] [10.471976 6.579736”
22918312 16.000000 28.000000 16.755161

Using equation (95) in the outer product, gives the same results as equation (92).

0.498153  0.888462 ] 1.290386 —2.157291”

ik j e
e @ @ e =1, 3e0m0s —19.519507] |-12.822385 16039741

Index Raising and Lowering

T=T3j,lHQfG QhU) =[F'TQIT(j,k) L] ® [H]
Start with tensor components 7% =

T=T"e;,@w Qe =WTQ [T E|® [E]

Now raise the 2" index =

T=Te; Qe ®ex=[ET]® [T -E|Q [E]

(94)

(95)

(96)

(97)

(98)

Set equation (97) equal to equation (98) so that the two different configurations resolve to the

same result — see *

W Q[T -E]® [E] = [ET] ® [TY* - E] ® [E] =

N ® 1 E]®[E]1 = [T/ E]| @ [E] = [EE"] Q [TV* - E] ® [E] = [6] ® [TY* - E] ® [E]

[1*-E] = [6]1® [TUF-E] =

Tjik — [6] ® TUk

3 Tensor Transform Code.
4 Coordinate Summary - p. 5
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https://github.com/almetricmath/General-Relativity/tree/main/TensorTransforms
https://www.metricmath.com/_files/ugd/55ccdb_90cb4675cf0048c5b96ef66368bf2e83.pdf

Inverting equation (100) =

T = [671] ® Tjik

Note that ' - " represents a block vector product.
Now, start with T* and lower the 1% index

[ET1 @ [TV* - E] @ [E] = [ET] ® [T/* - W] ® [E] =
[Tk -E] = [T/*-w] =

T/* = [1/* - WET| = [T - EET| = [T¥* - G| =

/% =Tk . G

Inverting equation (102) =

Tijk — Tijk .G-1

Start with 7% and lower the 3™ index

[ET]® [TV E| @ [E]1= [ETI Q[T - E] ® W] =

[Tk -E| @ [EET] = [TV* - E| @ [6] = [T - E]  WET] = [T - E] =

[T - E] = [T¥% - E] ® [G]

Inverting equation (104) =

[Tijk -E] — [Tzij . E] R [G™1]

(101)

(102)

(103)

(104)

(105)

Now for equations (104) and (105), we will show that the metric or inverse metric can operate

directly on the tensor coordinates. Consider 2 x 2 basis matrices =

[/ -E]=[r 11 E= [/ En+ T By T Er + T Eno

[Ti]'k -E] = [Tk T2k]-E = [TUKE,, + TYXE,, TYKE,, + TYkE,,]

[TU% - E] @ [G] = [[TV*Evy + TY¥Ey1|G  [TU¥Ey + T Ey)G]
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= [TY*E|,G + TY*E, G TY*E|,G + TY*E,,G] = [TY*GE,, + TY*GE,,

=" ®[c]-E] =

[T -E] = [TU%-E]®[6] = [T¥* ® [6] - E] =

T =Tk ® [6]

Inverting equation (107) =

Tijk — T]é] ® [G—l]

The operations can be combined to lower 2 or 3 indices — see Table 5.

Table 5 shows a summary of the raising and lowering operations for a third order tensor.

TY*GE,, + TY*GE,,]

(107)

(108)

T =TV ® [G]

Index Lowering Indices Changed Index Raising
Ti]k =Tk G 1% index The = Tije " G
T = [6] ® Tk 2nd index T} =[G ® Ty

3rd index TS = Ty @ [677]

=17 d]

15t and 2" index

T;ij =[] @ [Tijx - G2

)= 1% 6] ® (6]

1%t and 3rd index

T =Ty 6 @ [67']

Tk = [G]1 ® [TV - G] ® [G]

15t 2 and 39 index

TV =61 Q [Ty - 6] @ [671]

Note: all these configurations are tested in the software.®

4t Order Tensors

Equation (109) is the general equation for a fourth order tensor

Table 5

T=T(jkDc(d) ®d() ® f(k) ® h(D

where

c()), d(j), f(k), h(D) = {;} are bases

Now, create a weighting block matrix - Tk (i, j) — as shown in equation (110).

5 Tensor Transform Code
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https://github.com/almetricmath/General-Relativity/tree/main/TensorTransforms

Totock (i) = T(i,j, k, D (K) @ h(1) = F'T(i, j,k, DH

(110)
Equation (110) is the same pattern as the second order tensor from equations (15) and (16) where F and H
are matrices with row vectors of f(k) and h(l) respectively.
Using equation (110) in equation (109) =

T=T(@jkDcd)®d() ® f(k) ® h(D) = c(i) ® d(j) ® Tpiock (i,)) (w1
111

where
there is a summation over i and j
Ljkl=1n
To evaluate equation (110), put ¢(i) ® d(j) in index notation =
c@)=[Ca1 - Gyl
di)=[Dp - Dm] =

[c() @ d()]w = CiyDjy
(112)

where
C and D are matrices where each row is a basis element.

Now evaluate c(i) ® d(j) Q Tyiock (i,j) Where the summation is over i and j.
For a fixed but arbitrary yandv =
[c() ® d(]) & Thiock (irj)],uv = CiuDjvalock (i'j) = col(C, ) Tpiock (i;j)COl(D; v)

= row(CT, W Tp1ock (i, j)col(D,v)
(113)

Equation (113) uses regular matrix multiplications except that each element of the block matrix

Thiock (i, j) is a matrix.

Allowing u, and v to be arbitrary and not fixed =

T=T0jkDc(®)®d() ® f(k) ® h(1) = C" - Tpioer (i, - D 114
114

where

"+ "is aregular matrix multiplication but each submatrix of the block matrix is treated as an
element - the same as used for the third order tensor.

Torock i j) = T(i, j, k, Df (k) @ h(D) = F'T(, j, k, DH
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Equation (114) is a general equation to evaluate a fourth order tensor.
To show an example of how the " - " works, consider a2 x 2 case withu = 1andv =1

Teiock (1L1)  Tpiock (1,2) [Dn]

[Tl =1[[CT]y; [CT]ia]- [TBlock(Z 1) Tgiocek(2,2)]1 D24

T, (1,1)D,4 + T, (1,2)D
—[[CT]y; [CTlip] - | Block 11 + Tgiock 21] _

TBlock (2: 1)D11 + TBlock (2: 2)D21
= [CT111[Ts10ck (1, )D11 + To1ock (1, 2)Da1]1 + [CT112(To10ck (2, 1) D11 + Toi10ck (2, 2) Doy

= [C"111Ts10ck (1, 1)D11 + [CT 111 T10ck (1, 2)D21 + [CT112T810ck (2, DDy + [CT 112 Tp10ck (2, 2) Doy

(115)
Generalizing equation (115) to arbitrary pand v =
[T]uv = [CT]ulTBlock(lr 1)D1v + [CT]leBlock (1: 2)D2v + [CT]uZTBlock (2: 1)Dlv
+[CT],u2 TBlock (2, Z)DZV
(116)
Making equation (116) completely general =
[T]uv = [CT],ulTBlock(irj)Djv
(117)
Example Fourth Order Tensor Computation
Let
[Tff szl] [T2111 Tzlzl]' S
pu | Tzl ATef Tl | 13 4 7 8
G R o 10 13 1
T2 T22 722 T22|] 11 12 15 16
(118)
[ cos(6) sin(0) 1
E(r,0) = [—r sin(@) 1 cos(6)]
(119)
r=2
0 = s
K
1 3
B (2 E) _| = ¥3 _ [ 0.500000 0.866025]
"3 2 —1.732051 1.000000
3
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e; =[0.5 0.8660254]
e, = [-1.73205081 1]

cos(8) sin(8)
W(r,8) = _sin(@) cos(0)

T T
1 3
m | 2 2 |_[0.500000 0.866025
W(2’3)_[ V3 1}_ —0.433013 0.250000]
T4 4

w = [0.500000 0.866025]
w? =[-0.433013 0.250000]

(120)

(121)

(122)

(123)

(124)

Equation (125) shows the result of the calculation. For a detailed look at the calculation — see

Appendix B

[—0.171187 0.268250] 0.183871  —0.128967

k ~1.334078 2.170071) 128352762 —40.451176
Tie: ® @ @ Qe = | 033700 —0.515024] 0917667 —1.616326

3.216705 —5.098377) 1-23.013998 31.083449
Example Tensor Computed Using Matrix Operations
Tpiock (i) = T} = T " @ e
Tblocki o' Qe +THo' @ e +TH 0w Qe +THw* Qe,
=De'®e +Qw'®e; + Blw’ ey + (Dw? @ e,

Table 6 shows the tensor product of the various combinations of components w* & e;

X e1 e;
wl 0.250000 0.433013] —0.866025 0.500000
0.433013 0.750000 —1.500000 0.866025

w? —0.216506 —0.375000] 0.750000 —0.433013
0.125000 0.216506 —0.433013 0.250000

Table 6
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Using Table 6, and equation (122) =

2 43301 —-0. 2 .
0.250000 0.4330 3]+(2) [_O 866025 0.500000

Tprockr = (1
blockq ()[0.433013 0.750000 1.500000 0.866025

—0.216506 —0.375000 0.750000 —0.433013
4
+®) [ 0.125000  0.216506 ] @ [—0.433013 0.250000

_ [ 0.868430 —1.424038]

—3.924038 4.131570
(123)

The other terms will be computed in the next section using a more streamlined approach.

Streamlined Matrix Approach for Computations
Equation (16) is listed for reference.

T =TKeje = E},TME,; = ETTE
(16)
Generalizing equation (16) =

T=TkDf(k) @ h(l) =Tk, DfT(k)h(l) = FTTH
(124)
Using equation (124) in the Ty, calculation =

Tprock (i) = T(, j, k, DF (k) @ h(D) = F'T(,j, k, DH
(125)

Example Streamlined Computations
Using equation (125) for this example =
Tblocki =Tho* Qe = WT7}i1lE

=[0.500000 —0.433013] 1 2] 0.500000 0.866025
0.866025 0.250000 /13 411-1.732051 1.000000

[ 0.868430 —1.424038]

—3.924038 4.131570
(126)

Equation (126) is the same as equation (123) as expected.
Calculation of the other Tblockj- terms =

0.500000 —0.433013] 5 6] 0.500000 0.866025

T 1 — WTTllE —
block » 2k [0.866025 0.250000 117 811-1.732051 1.000000
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_ [ 0.538303 —0.924038]

—9.424038 12.461697

(127)
T 2=WTTZIE=[0-5OOOOO —0.433013] 9.000000 10.000000 [0.500000 0.866025
blocky 1k 0.866025 0.250000 1111.000000 12.000000/1-1.732051 1.000000

_ [ 0.208176 —0.424038]

—14.924038 20.791824

(128)
T ZZWTTZIEz[o.sooooo —0.433013] 13.000000 14.000000 [0.500000 0.866025
block 2k 0.866025 0.250000 1115.000000 16.00000011-1.732051 1.000000

[ —0.121951  0.075962 ]
—20.424038 29.121951

(129)
Equations (126) — (129) =
0.868430 —1.424038] 0.538303 —0.924038
T i _|1-3.924038 4.131570 —9.424038 12.461697
block 0.208176 —0.424038] —0.121951  0.075962
—14.924038 20.791824 —20.424038 29.121951
(130)
Now use equation (114) to compute the tensor
C=e,>EandD=w/>W =
T=T(~GjkDe;R@w Qwk®e =ET Tpoer(i,j) W =
0.868430 —1.424038 0.538303 —0.924038
[0.500000 —1.732051]_ —3.924038 4.131570 —9.424038 12.461697
0.866025 1.000000 0.208176 —0.424038] [—0.121951 0.075962
—14.924038 20.791824 —20.424038 29.121951
[ 0.500000 0.866025]
—0.433013 0.250000
(131)

Computing each term separately using equation (131) =

0.868430 —1.424038

[Tli1 = (0.500000) | 2654038 4131570

] (0.500000)

0.538303 —0.924038

+(0-500000) | o745 4038  12.461697

] (—0.433013)

0.208176  —0.424038

+(=1.732051) [—14.924038 20.791824

] (0.500000)
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0.171187 0.268250
1.334078 2.170071

—0.121951  0.075962

+(=1.732051) [—20.424038 29.121951

| (~0.433013) = [~

(132)
B 0.868430 —1.424038
[T]12 = (0.500000) —3.924038  4.131570 ](0'866025)
0.538303 —0.924038
+(0.500000) [_9.424038 12.461697] (0.250000)
0.208176  —0.424038
+(-1.732051) [—14.924038 20.791824] (0.866025)
~0.121951  0.075962 70183871  —0.128967
+(=1.732051) [—20.424038 29.121951] (0250000) = | )0 359762 40451176
(133)
B 0.868430 —1.424038
[T],, = (0.866025) [_3.924038 a31570 ](0.500000)
£ 0.538303 —0.924038
+(0866025) | "0 S | (~0.433013)
- 0208176  —0.424038
+(1.000000) | 74004020 20.791824] (0.500000)
0121951  0.075962 10331072 —0.515024
+(1.000000) | )0 4038 29.121951]( 0433013) = |37 6705 _5.098377
(134)
B 0.868430 —1.424038
[T],, = (0.866025) [_3924038 a3n570 ](0.866025)
$0.538303 —0.924038
+(0866025) | "0 S 12.461697] (0.250000)
- 0208176  —0.424038
+(1.000000) | 7000 20.791824] (0.866025)
0121951  0.075962 [ 0917667 —1.616326
+(1.000000) |, 1124038 29.121951](0'250000)‘ ~23.013998 31.083449
(135)
Putting equations (132) to (135) into a block matrix =
[—0.171187 0.268250] [0.183871 —0.128967
il o o o ik _|l=1.334078 2.170071] 128352762 —40451176
T=Tke;Qw Qw Qe =|433107, —0.515024] [0.917667 ~1.616326
3216705 —5.098377] 1-23.013998 31.083449 -
136

Equation (136) is the same as equation (125) as expected.
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Configurations of Fourth Order Tensors

Table 7 show the various configurations for fourth order tensors.

T H E w

F

E T = TG HIF T = [T, )]
w T = [T(, )], T = [T D]k

Note:

If T =T(,j,k ) = Table 7 generates Ty;,c USing equation (110).

If T = Tpi0ek (i,j) = Table 7 generates T from equation (114).

Table 7

Equation (110) can be inverted and solved for T(i, j, k, L) as shown in equation (137).

Torock () = T(, j, k, DF (k) @ h(D) = F'T(,j,k,DH =

(110)
T(,j, kD) = [F'1  Tpioer (L DH™?
(137)
Table 8 shows the configurations for equation (137).
Thioek (i,J) | H? wr ET
[FT]*
w [Thiock (i, j)1* [Throck G DI
E [Thiocr (i, Dk [Thiock ()]
Table 8

where
WET =1 =WTE

Transformations of Fourth Order Tensors

A tensor is invariant under a change in coordinates. Equation (114) gives the general equation for a fourth

order tensor.

T=T0jkDc(®)®d() ® f(k) ® h(1) = C" - Tpioer (i,)) - D

The tensor is invariant with respect to changes in coordinates =

T=C"- TBlock(i:j) D=C"- TBlock(ir]_) D
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The transformed coordinate relations are as follows:

C_‘ = MlC
l_) = MzD
(139)
where
Mo M. = { A for basis E
L2 7 BT for reciprocal basis W

Using equation (139) in equation (138) =
T=C"- TBlock(i'j) ‘D=C"- TBlock(ir]_) D= (M1C)T Tgiock (T']_)MZD = CTMITBlock (TJ_)MZD =
Tgiock (i:j) = M{TBlock (ir]_)MZ

(140)
Solving equation (140) for Tgock (T,]) =

Toiock @ J) = [M{17 T (L, DIM,]™Y = (M 17T, )H[M,]
(141)

Table 9 shows the combinations for equation (141).

T(, /) [M,]~* A =B [BT]™' = AT

[M,]7" _ :

[A]' =B T(ww) =TY Twd) =T}

B l=24 T(d,u) = T/ T(d,d) =T
Table 9

Fourth Order Tensor Transform Example

The coordinate conversion equations for the polar based transform are given by equation (142).

r=A+F
6=+

2

r
62

D)
Il

(142)

The transformation matrices are given by equations (143) and (144) respectively.
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— 0
2V
A = 1
O [
28]
g |27 0
0o 278
The transformation equations are given below
E = AE
W =BTw

Forr=2and6=§ =

=i
Il

D)
Il

4
7T2
— =
9

From earlier example =

A — [0:250000 0.000000]
0.000000  0.477465
p = 000000 0.000000)
0.000000 2094395
1 3
| 5 v3 _ [ 0.500000 0.866025]
2 —1.732051 1.000000
-3
1 V3
w=| 2_ 2 |_]0500000 0.866025]
v3 1| l-0433013 0.250000
=% 7|
F = aF = [0:250000 0.0000001 [ 0.500000
0.000000 0.477465) [-1.732051
i = gTyy [4:000000 o.oooooo] 0.500000
0.000000 2.094395) -0.433013

0.866025] _ [ 0.125000
1.000000 —0.826993

0.86602571 _ [ 2.000000
0.250000] — 1-0.906900

Tblockj- from the previous example is shown - equation (145).
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3.464102
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0.868430 —1.424038] 0.538303 —0.924038

T i _|l—3.924038 4.131570 —9.424038 12.461697
block 0.500000 —0.433013] —0.121951  0.075962

0.866025 0.250000 —20.424038 29.121951

(145)
From Table 9, equation (141) =
Tblockj— = ([M]™DTT (0, M)~ = BTTblockj'AT =
0.868430 —1.424038] 0.538303 —0.924038
[0.250000 0.000000], ~3.924038 4.131570 | 1-9.424038 12.461697
0.000000 0.477465] | [0.500000 —0.433013] —0.121951  0.075962
0.866025  0.250000 1  [-20.424038 29.121951
| [4.000000 0.000000]
0.000000 2.094395
(146)
Computing equation (146) term by term =
T_ 0.868430 —1.424038
Totocks = (4:000000) | Z5 0" 4.131570](0'250000)
0538303  —0.924038
+(4.000000) | "= S 12.461697] (0.000000)
- 0208176  —0.424038
+(0.000000) | 7o ,020 20.791824] (0.250000)
F—0.121951  0.075962
+(0.000000) | 7 - 29121951] (0.000000)
B 0.868430 —1.424038 _[0.868430 —1.424038
_(4'000000)[—3.924038 4.131570](0'250000)_ ~3.924038  4.131570 e
147
T_ 0.868430 —1.424038
Thiocks = (4.000000) [_3924038 Ppbvpins ] (0.000000)
0538303  —0.924038
+(4.000000) | "= 2 12.461697] (0.477465)
- 0208176  —0.424038
+(0.000000)[_ 14524038 20.791824] (0.000000)
F—0.121951  0.075962
+(0.000000) | >4 424038 29.121951] (0.477465)
B 0.538303 —0.924038 [ 1.028083  —1.764783
= (40000000 | g 454038 12.461697](0'477465)_ ~17.998587 23.800088 w9
148
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0.868430 —1.424038

7 _
Totocks = (0.000000) | 3'9) 1038 4131570

] (0.250000)

[ 0.538303 —0.924038

+(0.000000){ "g')54038  12.461697

] (0.000000)

[ 0.208176  —0.424038

(2094395014 924038 20791824

] (0.250000)

[ —0.121951  0.075962

T(2094395) | 2424038 20121951

] (0.000000)

0.208176  —0.424038
14.924038 20.791824

0.109001 —0.222026

= (2.094395) [_ 7814208 10.886574

] (0.250000) =

(149)
2 0.868430 —1.424038
Tblock% = (0.000000) 23924038 4.131570 ] (0.000000)
[ 0.538303 —0.924038
+(0000000) | Z75 056 12461697 ] O477465)
[ 0.208176  —0.424038
+(2.094395) | T 0o403g 20.791824] (0.000000)
[ —0.121951  0.075962
+(2.094395) | T -0 29.121951] (0.477465)
_ —0.121951  0.075962 _[—0.121951  0.075962
= (2.094395) [—20.424038 29.121951] (0.477465) = [—20.424038 29.121951
(150)
Putting equations (147) — (150) together =
0.868430 —1.424038] 1.028083 —1.764783
T t _ |1—3.924038 4.131570 —17.998587 23.800088
blocky 0.109001 —0.222026] —0.121951 0.075962
—7.814208 10.886574 —20.424038 29.121951
(151)
Compute tensor using the inner product — equation (138) =
T=Tjjklel_®w]_®wi®ei=E'Tblockj_.w
0.868430 —1.424038] [1.028083 —1.764783]
=[0.125000 0.216506]_ —3.924038 4.131570 —17.998587 23.800088
—0.826993 0.477465 0.109001 —0.222026] [—0.121951 0.075962
—7.814208 10.886574 —20.424038 29.121951
_[2.000000 3.464102]
—0.906900 0.523599
(152)

Now evaluate equation (152) term by term =
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0.868430 —1.424038

[Tlr1 = (0.125000) [—3.924038 4131570

] (2.000000)

1.028083  —1.764783

(01250000 ] 7 998587  23.800088

] (—0.906900)

0.109001 —0.222026

+(=0826993)| 7 614208 10886574

] (2.000000)

—0.121951  0.075962

+(-0.826993) [—20.424038 29.121951

] (—0.906900)

:[—0.171187 0.268250]
—1.334078 2.170071

0.868430 —1.424038

[Thiz = (01250000 | 3574038 4131570

] (3.464102)
1.028083 —1.764783

+(0125000) |_y7 500567 53800088

] (0.523599)

0.109001 —0.222026

+(=0826993) | 7014208 10886574

] (3.464102)

—0.121951 0.075962

+(-0826993) | Ty tn0sg 20121981

] (0.523599)

_ [ 0.183871  —0.128967 ]
28.352762 —40.451176

0.868430 —1.424038

[T]z1 = (0.216506) [—3.924038 4131570

] (2.000000)

[ 1.028083 —1.764783

+(0.216506) 17998587 23.800088] (—0.906900)
[ 0.109001 —0.222026

+(0.477465) 7814208 10.886574] (2.000000)
[ —0.121951  0.075962

+(0.477465) 1—20.424038 29.121951]( 0.906900)

=[0.331072 —0.515024]
3.216705 —5.098377

0.868430 —1.424038

[Tl2z = (0.216500) | _3 574038 4131570

] (3.464102)

1.028083 —1.764783

+(0.216506) [—17.998587 23.800088

] (0.523599)
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0.109001 —0.222026

+(0.477465) —7.814208 10.886574

] (3.464102)

—0.121951  0.075962

+0477465) | 5 424038 26121951

] (0.523599)

=[ 0.917667 —1.616326]
—23.013998 31.083449

(156)
Putting equations (153) — (156) together =
i o oo o _|Cissaoms 2ar00m] losaserer —s04stivs
T=Te®w @' ®er=| (33707 —0:515024] [0:917667 —1.616326
3216705 —5.098377) 1-23.013998 31.083449 a5

Equation (157) is the same as equation (136) as expected.

~|

Transform T]—i — T]-’

&

First show the transformation of one submatrix in the unprimed system.
Equation (142) was derived in a previous section and shows the transform of T;,;0c (i, j) to T (i, J, k, ).

TG, j, kD) = [F' 1 Toroer (G ))H™ = [F ] Thioer (6, ))H!

(142)
From equation (142) and Table 9 =
Ty is a case in Table 9 as [Tyioek (i, DI, = [FT17* =E, H =wT
Equation (142) =
Th = ET/WT
(158)
r _ [0.500000 —0.433013]
0.866025  0.250000
E = [ 0.500000 0.866025]
—1.732051 1.000000
W= [E1]T = 0.50000000 0.86602540]
—0.43301270 0.25000000
(159)

Tijll — WTll WT
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[0.50000000 0.86602540] 7.91987298 —9.99519053] [0.50000000 —0.43301270
—0.43301270 0.250000001 L—7.99519053 9.08012702 110.86602540 0.25000000

[1.00000000 2.00000000]
3.00000000 4.00000000

(160)
Equation (160) is the same as T¥11 of the previous example — equation (113).
Now, use equation (142) and Table 9 in the primed coordinate system =
T(0j, k1) = [F 1 Tyroe G DH?
(161)
For this example, =
0.868430 —1.424038] 1.028083 —1.764783
T r _ |1—3.924038 4.131570 —17.998587 23.800088
blocky 0.109001 —0.222026] —0.121951  0.075962
—7.814208 10.8865741 1-20.424038 29.121951
(165)
Now 7(z.j, k1) = T
This is a case in Table 9 as [Tblock(a]_)]£ s [FTI''=E,H'=wT>
T = ETpiock ;W
(166)
_ [ 0.125000 0.216506
E=4E=1_"0826993 0.477465]
— _ pryy [ 2.000000  3.464102
W=BW=1_0.906900 0.523599]
(167)

_ [ 0.125000 0.216506] 0.868430 —1.424038 [2.000000 —0.906900
—0.826993 0.47746511-3.924038 4.131570 113.464102 0.523599

=[1.000000 1.047198]
5.729578 4.000000

(168)
Tjikl_ = ETblock%WT
_ [ 0.125000 0.216506] 1.028083 —1.764783] [2.000000 —0.906900
—0.826993 0.47746511-17.998587 23.800088113.464102 0.523599
_ [9.549297 6.000000 ]
25.532938 15.278875
(169)
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:[0.125000 0.216506] 0.109001 —0.222026] 2.000000 —0.906900
—0.826993 0.47746511-7.814208 10.886574113.464102 0.523599

:[4.712389 2.741557]
11.000000 6.283185

(170)
T%_ = ETblockng
_ [ 0.125000 0.216506] —0.121951 0.075962 1[2.000000 —0.906900
—0.826993 0.47746511-20.424038 29.121951113.464102 0.523599
_ [13.000000 7.330383 ]
28.647890 16.000000
(a71)
Putting equations (168) — (171) together =
1.000000 1.047198] [9.549297 6.000000
il 5.729578 4.000000 25.532938 15.278875
Tk 4.712389 2.741557] [13.000000 7.330383
11.000000 6.283185 28.647890 16.000000
(172)
Now compute the outer product in the primed coordinate system =
[—0.171187 0.268250] [0.183871 —0.128967
_ il j k __|1—1.334078 2.170071 28.352762 —40.451176
T=Te Q@' @ ®er=|4337)7 —0.515024] [ 0917667 —1.616326
3.216705 —5.098377 —23.013998 31.083449
(173)
The calculations have not been shown for equation (172) but the results can be obtained by
running the software.® Equation (173) is the same as equation (157) as expected.
Index Raising and Lowering
Equation (125) gives the equation for Ty;ocx (i, ).
Totocr (i,)) = T(,J, k, DF () @ h(D = F'T(i,j, k, DH
(125)

The formulation should be changed to explicitly put all the parameters in a single equation. The
first step is to put equation (125) in a more general form as shown in equation (174).

6 Tensor Transform Code
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Totocr (i) = (G, k, DF () @ h(D = [F'] @ T, j, k, 1) ® [H]

(174)

This is the same approach used for third order tensors. Now the equation for the full tensor is

given in equation (175).
T=T(j kD) ®d() ® f(k) @ h(1) = C" - Tpioer (i,)) - D

=" [[FT1®T(,j,k 1) Q[H]]-D

For the configuration T};

C=E,D=W,F=W,H=E>=
r=5" [W®Th® E|-w
If we want to lower the first index of Tj",ﬁ , We get a configuration of T/, Table 7 =

cC=W,D=W,F=W,H=E>

T=wT. [[WT] R Tii ® [E]] ‘W

To simplify equation (177), we will show the following:
G- [WNRTHE]| = W ® [6-Ti] & [E]
From the earlier definition =

r[Tff szl] [T;f T;;P

I o] T ] | TR e

i “Tff szl] [Tff T]‘ r3l 72
2| @ 1z

wTTHlE .. WTTLE
. T il _ - :1k ) :nk
G W' ®Tj Q[E]|=G

WTTHE ... WTTME

For indices u and v, equation (179) =

41

(175)

(176)

177)

(178)

(179)



l6-[werieE|| =G

uv
(180)
For a given u, a, G, is a constant =
GuaWTTHE = WTGuo TS =
But x4 and v are arbitrary =
G- [WNRTLRE]| =W ®[6- T @ [E]
(181)
In general,
My [[M] @ T] = [M,] ® [My - T]
(182)

where
M,, and M,, are matrices
T is a block matrix

The tensor T needs to be invariant, so set equation (176) equal to (177) =
ET- W @TEQE]|-w=w"- W @T, @ E]|- W =
(W@ T ® [E]]- W =EET- [WQTE®E]|- W =6- [W'®T{ @ [E]]- W =
Using equation (182) on the lefthand G of equation (183) = (%)

(W eTh®E| w=6¢-[W1eTi®E]|-w=[W1e[¢ TS E]| W =

(184)
Using equation (182) again on W on the right-hand side of equation (184) =
W Q [Ty - W]®E]l= W'l [6-Tj - w] ® [E] =
T = G- Tji

(185)
Inverting equation (185) to raise the first index =
T = 67 T

(186)

To raise the second index in T} to get 7"

42



T=ET- W QT QE]|-w=E"- w1 @ [E]|-E =
T=WIQ[E" T W@ [E]l= W' [E"- T/ E] @ [E] =
TH-W=T)E =

T =T - wwT =Tk ¢
(187)

Inverting equation (187) to lower the second index =

T =T/ -G
(188)

To raise the third index in Tj; to get T/ =
T=E"- [WHT{QE]|-w=E"- [[ET1@ T Q[E]|-w =
W RTHEE]| = [ET @ T @ [E]] =

W QT @ [E]| = T/ @ [F] =

(6@ T Q[E]| = T @ [E] =

T =67 ® T
(189)

Inverting equation (189) to lower the third index =

Tix =[Gl @ T}
(190)

To lower the fourth index in Tjj} to get Tj;, =

T=E" [WIQTEQE| w=E" [W®Tj, @ W]|-w =
W Tk ®E] =W ® T ® W] =

T ® [E] =Ty ® W] =

Tha = Tit ® [EET] = T @ [G]
(191)
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Inverting equation (191) to raise the fourth index =

T = Th, Q@ [G7]

(192)
These raising and lowering operations can be put together to raise or lower multiple indices.
Table 10 shows a summary of the raising and lowering operations for a fourth order tensor.
Index Lowering Indices Affected Index Raising
jkl i s
7/ = -1V 1 T = 61 Tiy
ikl _ mijkl nd 1
?}l — Tl]kl G 2 T;éj — T]lli G~ 1 .
Tt = [6] ® TUM 3" T =167 ® T
19 = 704 @ [G] & Th =T ® [67']
Ti’;l =G -TUkl. G 1%t and 2" Tkl — -1 _Til;l .G1
Tﬂ =61 ®[6- Tijkl] 1% and 3 Tk = [ ® [67* - T)!
lm [G TUK] @ [G 1*and 4" TUK = G-1.T) @ [671]
T = [61® [TV g 27 and 3° 17 = [ @ T G
Tl = [G] ® TV  [G] 3% and 47 TR = 6] @ Tyl ® (6]
Tl,k =[61®[6- TV 6] 1", 2% and 3° T =6 @6 Ty G‘l]
o =161® [T -G]l®[6] | 2" 3% and4” [ -6 ®l6
T, =161®[6 T ®[c] | 1"3" and4” @6 15]®I6
Ty = [G1Q[G- TV - 6] ®[G] |1%2"3" and 4" TU = [G] ® |G - Tyj - G] ®

Table 10
We will show an example of how the index raising expressions were reached to avoid confusion.

Tij = [G1 Q[ - TV - G] @ [G] =
(6 ® Ty =[G TV -G] ® [G] =
TN Q®Tyu ® G =[c-T.G] =

G-1. [[G—l] ® T ® [G‘l]] .G-1 = Tiikl
(193)

But the ' ® "and ' - ' operators can be interchanged =

TV =[G Q[67Y Tyjr - 671 ® [671]
(194)

Equation (194) shows that to invert an expression from the right column of the table, replace G
by G~ and interchange the tensor components.
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Example of the Operator Interchange of ' ® "and ' -’

T Tu| |[Ta Tz 1 2 5 6
me ooz |z orgl| [ b g
9 10] 13 14

M,=W,M,=E, T=T} = =
] [ ﬁ T%%l [T%% T%%l 11 12 15 16
T Tl T3 T

Evaluate W - [[E] ® T]

E(Z,g) =| 3

1 3
V3

—| _ [ 0.500000 0.866025]
—1.732051 1.000000

1 V3
m™ | 2 2 |_[0.500000 0.866025
W(Z' ) [ V3 1}_ —0.433013 0.250000]
-7 2z

[ 0.500000  0.866025 [é ﬂ [; S]
[E1®T] = [[—i.732051 1:000000]]® [ 10] [i3 14
11 120 l15 16ll]

[ [ 0.500000 0.866025] [1 2] 0.500000 0.866025] [5 6]
—1.732051 1.000000/13 4 —1.732051 1.000000/17 8

[ 0.500000 0.866025] [9 10] 0.500000 0.866025] 13 14]

[1-1.732051 1.0000004 111 12 —1.732051 1.0000001 115 16

[ [3.098075 4.464100] 8.562175 9.928200

1.267949 0.535898 —1.660255 —2.392306
[14.026275 15.392300] 19.490375 20.856400

—4.588459 —5.320510 —7.516663 —8.248714

(195)
w-[[E]®T]=
3.098075 4.464100] 8.562175 9.928200]
[0.500000 0.866025]_ 1.267949 0.535898 —1.660255 —2.392306]
—0.433013 0.250000] [[14.026275 15.392300] 19.490375  20.856400
—4.588459 —5.3205101 |-7.516663 —8.248714
(196)

Evaluating equation (196) term by term =

14.026275 15.392300

_ _ 3.098075 4.464100
[W [[E]®T” _(0'500000)[ —4.588459 —5.320510

11 1.267949 0.535898] + (0.866025) [

_ [13.696142 15.562167]

—3.339746 —4.339746
(197)

45



(w-[E1@ 1]

12

8.562175 9.928200
—1.660255 —2.392306

19.490375 20.856400

= (0.500000) [ —7.516663 —8.248714

] + (0.866025)

_ [21.16024-0 23.026264]

—7.339746 —8.339746
(198)

14.026275 15.392300

. _ 3.098075 4.464100
-1 Tl],, = Cosss013)| ~4.588459 —5.320510

21 1267949 0535808 + (0250000

[ 2.165062 1.915062 ]
—1.696153 —1.562178

(199)
([E1Q®T
w-lE1®T]]
_ 8.562175 9.928200 9.490375 20.856400
= O'433013)[—1.660255 —2.392306]+(0'250000)[—7.516663 —8.248714
_ [ 1.165061 0.915060 ]
—1.160254 —1.026279
(200)
Putting equations 197 — 200 together =
13.696142 15.562167] 21.160240 23.026264
W-[[E]®T]= —3.339746 —4.339746 —7.339746 —8.339746
2.165062 1.915062 ] 1.165061 0.915060
—1.696153 —1.562178 —1.160254 —1.026279
(201)
Now evaluate [E] ® [W - T]
[8.294225 9.660250] 13.758325 15.124350
W-T] = 11.026275 12.392300 16.490375 17.856400
1.816987 1.633974] 1.084935 0.901922
1.450961 1.267948 0.718909 0.535896
(202)
13.696142 15.562167] 21.160240 23.026264
[E]Q[W-T] = —3.339746 —4.339746 —7.339746 —8.339746
2.165062 1.915062 ] 1.165061 0.915060
—-1.696153 —1.562178 —-1.160254 —-1.026279
(203)
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Equation (203) is the same as equation (201) =

w-[E1®T]=[E1® W T]

Appendix A -Third Order Tensor Computed Using the Outer Product
T=T)e;Qw Qe,=THe; Qw' Qe; +The; Qw' @e, +Tre; @ w? Qe

+The, Qw’> Re, +ThHe, Qw' Qe +THhe; Q! Qe +The, Qw? R e,

- ) _ [[—0.498153  0.888462 1.290386  —2.157291
T e Qw ®ez_[[14.360894 —19.518507] —12.822355 16.039741”
_ (1 [[0-125000 0.216506] [0.216506 0.375000”

10216506 0.375000) 10375000 0.649519
+(2)[[0433013 0.250000] [—0.750000 0.433013”
l—0.750000 0.433013] [-1.299038 0.750000
+(3)[[0-108253  —0.187500]  [0.187500 —0.324760”
[ 0.062500 0.108253 1 0108253  0.187500
() [[ 375000  —0.216506] [ 0649519 —0.375000”
l-0.216506  0.125000 | 1—0.375000 0.216506
+(5)[[0433013  —0.750000] ~[0.250000 0.433013”
l—0.750000 —1.299038] 10.433013 0.750000
+(6) [[1-500000 —0.866025] [—0.866025 0.500000”
12.598076 —1.500000] 1—1.500000 0.866025
+(7)[[ ©-375000 0649519 ] —0.216506 —0.375000”
[—0.216506 —0.375000] | 0125000 0.216506
+(8) [[1:299038 0.750000] 0.750000 —0.433013”
[ 0.750000 —-0433013] [-0.433013 0.250000
:[[—0.498153 0.888462] 1.290386 —2.157291”
14360894 —19.518507) |—12.822355 16.039741

Back to Example
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Appendix B -Fourth Order Tensor Computed Using the Outer Product

Equation (125) =

0.062500 0.108253] 0.108253 0.187500]
il A _ 0.108253 0.187500) 10.187500 0.324760
Tiei @@ @' ®e; =) 575553 O.187500] 0.187500 0.324760
0.187500 0.324760) 10.324760 0.562500
1—0.216506 0.125000] [—0.375000 0.216506
4 (2)|1-0375000 02165061 1-0.649519 0.375000
'—0.375000 0.216506] [—0.649519 0.375000
11-0.649519 0.375000! [—-1.125000 0.649519
1—0.054127 —0.093750] [—0.093750 —0.1623807]
(3|t 0031250  0.0541271 Lo0054127  0.093750 |
~0.093750 —0.1623807 [—0.162380 —0.281250
1 0.054127  0.093750 | 1 0.093750  0.162380 I
7 0.187500 —0.1082531 [ 0.324760 —0.1875007]
+ (4 |=0.108253  0.062500 1 1-0.187500  0.108253 |
1 0.324760 —0.1875007 [ 0.562500 —0.324760]
[1-0.187500 0.108253 | 1-0.324760 0.187500 I
1—0.054127 —0.0937507 [0.031250 0.054127
1 (5|1-0.093750 —0.162380] l0.054127 0.093750
'—0.093750 —0.1623807 [0.054127 0.093750
11-0.162380 —0.281250) 10.093750 0.162380
[0.187500 —0.108253] ~0.108253 0.062500
L (6)|10:324760 —0.187500) 1-0187500 0.108253
[0.324760 —0.187500] ~0.187500 0.108253
0.562500 —0.324760] 1-0.324760 0.187500
[0.046875 0.081190] ~0.027063 —0.046875
1 (7 |=0.027063  —0.046875] L 0.015625  0.027063
[0.081190 0.140625] —0.046875 —0.081190
~0.046875 —0.081190] | 0.027063  0.046875
[—0.162380 0.093750] 0.093750 —0.054127
(8|t 0093750  —0.054127) 1-0.054127 0.031250
[—0.281250 0.162380] 0.162380 —0.093750
0.162380 —0.093750] 1-0.093750 0.054127
[—0.216506 —0.375000] ~0.375000 —0.649519
1 (9)|1=0:375000 —0649519] 1-0649519 —1.125000
[0.125000 0.216506] 0.216506 0.375000
0.216506 0.375000 0.375000 0.649519
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[[0.750000 —0.433013] 1.299038 —0.750000
11.299038 —0.750000 2.250000 —1.299038
[—0.433013 0.250000] —0.750000 0.433013

L—0.750000 0.433013 —1.299038 0.750000

+ (10)

[[ 0.187500  0.324760 ] 0.324760  0.562500

+(11) [—0.108253 —0.187500 —0.187500 —0.324760
—0.108253 —0.187500] —0.187500 —0.324760

L 0.062500  0.108253 0.108253 0.187500

—0.649519 0.375000] —1.125000 0.649519

+(12) 0.375000 —0.216506 0.649519 —0.375000
0.375000 —0.216506] 0.649519 —0.375000

—0.216506  0.125000 —0.375000 0.216506

0.187500 0.324760] —0.108253 —0.187500

+(13) 0.324760 0.562500 —0.187500 —0.324760
—0.108253 —0.187500] 0.062500 0.108253

11—-0.187500 —0.324760 0.108253 0.187500

[—0.649519 0.375000] 0.375000 —0.216506
[—1.125000 0.6495191 10.649519 —0.375000
[0.375000 —0.216506] —0.216506 0.125000
1L0.649519 —0.375000 —0.375000 0.216506

+ (14)

[—0.162380 —0.2812507 [ 0.093750  0.162380 77

+(15) L 0.093750  0.162380 1 [-0.054127 —0.093750!
[ 0.093750  0.162380 7 [—0.054127 —0.093750]

1—0.054127 -0.0937501 1 0.031250 0.054127 H

[ 0.562500 —0.3247607 [—0.324760 0.187500 77

[—0.324760 0.187500 1 L[ 0.187500 —0.108253!
—0.324760 0.187500 7 [ 0.187500 —0.108253]

L 0.187500 —0.1082531 1-0.108253 0.062500 M

+ (16)

[—0.171187 0.268250] 0.183871  —0.128967
_ [1=1.334078 2.170071 28.352762 —40.451176
[0.331072 —0.515024] 0917667 —1.616326

3.216705 —5.098377 —23.013998 31.083449
(B.1)

To illustrate the calculation better, we will show how to evaluate one of the fourth order basis.

To evaluate

eQw Q@w’ Qe =[e; Q@ w?® [w?  e]
=

2 0.7500006 —0.43301275
e; ®w

_ [-1.73205081
B [ 1 ] [ —0.433013 0.25

—0.433013 0.250000] =
(B.2)
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2 _ [~0.433013 _ [~0.2165065 —0.37500008
@"®e1 =1 3250000 ] 05 0.8660254] 0.125 0.21650625 ©3)
B.3
Using the equation of multiplying each element of [e, ® w?] by [w? ® e;]
e2 ® 0?] ® [w? ® e4]
[ —0.2165065 —0.37500008 —0.2165065 —0.37500008
0.7500006 0.125 0.21650625 ] 043301275 0.125 0.21650625 w
—0.2165065 —0.37500008 —0.2165065 —0.37500008
| ~0433013 [ 0.125 0.21650625 ] 0'25[ 0.125 0.21650625
[1—0.162380 —0.281250] 0.093750 0.162380
0.093750 0.162380 —0.054127 —-0.093750
0.093750 0.162380 ] —0.054127 —-0.093750
'1—0.054127 —0.093750 0.031250 0.054127 (B.4)
B.4

Notice that equation (B.4) differs from the e, @ w? @ w? @ e, term in equation (B.1).
This is the same as was seen for the case of the Third Order. Both terms are the same, but
because of the order of the computations, the positions in the basis differ.

[[—0.162380 0.093750 7| [[ 0.093750 —0.054127H
L 0.093750 —0.0541271| [L—0.054127  0.031250 |
[—0.281250 0.162380 ] 0.162380 —0.093750]
1 0.162380 —0.0937504 1-0.093750 0.054127 I

\ 4 v

[[—0.162380| 0.281250 0.093750 0.162380 ||
l 0.093750 0.162380 —0.054127| [-0.093750
1 0.093750 0.162380 —0.054127| [-0.093750

L1—-0.054127| +0.093750 0.031250 0.054127 |

Back to Example
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